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In general relativity, the instantaneous contributions to the gravitational potentials cancel each 
other in observable, leaving the theory free of physical instantaneous interactions. In models where 
these subtle cancellations are spoiled by the presence of fields that break Lorentz invariance, phys- 
ical instantaneous interactions are possible. Such interactions are studied for a model of Lorentz- 
violating massive gravity. 
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I. INTRODUCTION 

Gravity is the most familiar but also the most mys- 
terious of the four fundamental interactions. Described 
by Einstein's theory of general relativity (GR), gravity 
has only been tested in the weak field limit [1]. With 
the development of gravitational wave experiments, it is 
believed that our understanding of gravity physics will 
significantly increase in the next decades [2]. Although 
indirect detection of gravitational waves seems to be in 
agreement with Einstein's theory [3, 4, 5], models of grav- 
ity with different predictions than GR will be needed in 
order to study the results of these experiments. Indeed, 
it is important to understand which deviation from Ein- 
stein's theory are possible in order to put constraint on 
them. 

There were many attempts in constructing alterna- 
tive theories of gravity in the past few years [6, 7, 8, 
9, 10, 11, 12, 13], motivated by cosmological observa- 
tions. Although the Standard Model of cosmology de- 
scribes the whole bulk of cosmological observations with 
an ever growing precision [14] , the agreement between ob- 
servations and theory is only possible with the account 
of otherwise undetected dark components : dark mat- 
ter (fi c ~ 0.22) and dark energy (f2 A ~ 0.74). Alter- 
native theories of gravity could then help understanding 
whether this agreement should be consider as a confir- 
mation of GR. 

Black holes are perhaps the most interesting objects to 
constrain alternative models of gravity, since by recon- 
structing the metric around an astrophysical black hole 
we should be able to test whether it has the Schwarzschild 
or Kerr form, and therefore probe GR in the strong field 
limit. A crucial feature of black holes is the absence 
of "hair" [15], which simply means that a black hole is 
entirely characterized by its mass, charge and angular 
momentum. This "no-hair" theorem is a consequence of 
the existence of an horizon which divides the space-time 
in two region: the outside and the inside of the black 
hole. The causal structure of the metric implies then 
that no signal with velocity smaller or equal to the veloc- 
ity of light can escape from the inside of the black hole. 
In some alternative models of gravity, there are other 
"gravitational" fields beside the metric. It may happen 
that one of them is responsible for an instantaneous in- 



teraction; in this case black holes should in principle have 
"hair" since this instantaneous field could carry informa- 
tion outside of the horizon. 

Even in the conventional GR, the gravitational po- 
tentials are all instantaneous potentials. But there is 
no physical instantaneous interaction since the instanta- 
neous contributions cancel in the graviton propagator. 
An analogous situation exist in classical electrodynamic, 
where the instantaneous contributions to the potentials 
A and Ai cancel each other in the photon propagator, 
leaving the theory free of instantaneous interactions [16]. 
In models where these subtle cancellations are spoiled by 
the presence of fields that break Lorentz invariance, phys- 
ical instantaneous interactions are possible. An example 
of such a model is given by the Lorentz- violating electro- 
dynamics [17, 18]. The goal of this Letter is to demon- 
strate by explicit calculation that a gravitational instan- 
taneous interaction exists in Lorentz-breaking models of 
massive gravity as well. This interaction is assumed to 
be responsible for unusual properties of black holes found 
in these models [19], i.e., the presence of "hair". 

For this purpose, we consider the theory of massive 
gravity [20] described by the following action 



S = 



-Mln 



A 4 T Z l - 



(1) 



The first term in this action is the standard Einstein- 
Hilbert action and £ ma tter stands for the minimally cou- 
pled ordinary matter. A is a UV cutoff and T {Z^) is a 
function of the derivatives of four scalar Goldstone fields 
(j)^ which depends on a single argument Z iJ = X 1 W 1 ^ 
where 7 is a free parameter and 

X = A-V^/cl/, V i = A-V^/^', 



X 



The ground state is translationally invariant, due to the 
derivative nature of the Goldstone coupling, and spon- 
taneously breaks the Lorentz symmetry (the explicit 
form of the ground state is given by expression (3) in 
Sect III). This allows for the absence of van Dam- 
Veltman-Zakharov discontinuity [21, 22] and strong cou- 
pling problems [23] . 

The particular dependence of the function J' on a sin- 
gle argument Z lJ ensures that the model is invariant un- 
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der the following symmetry 



18], described by the following Lagrangian 



where x l arc arbitrary functions of <f> . This symmetry 
implies the non-pathological behavior of the perturba- 
tions about the vacuum solution [22], namely, the ab- 
sence of ghosts and rapid instabilities. This model is a 
minimal infrared modification of GR in the sense that it 
does not contain new light propagating degrees of free- 
dom as compared to Einstein gravity. Indeed, the low- 
energy spectrum consists only of two massive propagating 
tensor modes, the graviton acquiring a mass due to the 
space-time dependent condensates of the four Goldstone 
fields 4^. 

This model posses several interesting and peculiar fea- 
tures (see [24] for a review on massive gravity). First of 
all, the gravitational interaction between time-dependent 
sources is described by the standard GR's scalar poten- 
tials despite the non-zero mass of the graviton. Due to 
this feature the model passes the terrestrial and solar sys- 
tem tests even for graviton masses as large as (10 15 cm) _1 . 
Moreover, for —1 < 7 < and for 7 = 1, the cosmologi- 
cal perturbations in this model behave identically to the 
perturbations in GR [25], so that the model seems to be 
compatible with cosmological observations. 

At last, black holes in this model do have "hair" [19]. 
The violation of the "no-hair" theorem is assumed to 
be the consequence of a physical instantaneous interac- 
tion. The existence of such an interaction is related to 
the presence in the model (1) of a mode with the disper- 
sion relation k 2 = 0. This mode could be interpreted as 
a mode with the dispersion relation ui 2 = v 2 k 2 and an 
infinite velocity v. It is worth noting that the causality 
paradoxes associated with superluminal propagation are 
avoided in this model since the spontaneous breaking of 
the Lorentz symmetry implies a preferred frame. The 
aim of this Letter is to demonstrate the existence of this 
physical instantaneous interaction. 

The Letter is organized as follows. In Sect. II we re- 
view the Lorentz-violating electrodynamic model, which 
share some features with the model (1). The emergence 
of the instantaneous interaction in Lorentz-breaking elec- 
trodynamics is analogous to the emergence of the instan- 
taneous interaction in our massive gravity model. In 
Sect III we discuss the solutions to the linearized gravi- 
tational field equations over Minkowski background. In 
Sect IV we demonstrate the presence of instantaneous 
interaction by studying the frequency shift of an electro- 
magnetic radiation. Sect V contains the summary of the 
results and their discussion. 



II. LORENTZ-VIOLATING MASSIVE 
ELECTRODYNAMIC 

As a example of physical instantaneous interaction, 
consider the Lorentz-violating electrodynamic model [17, 



*- — 4 ^ 



-m 2 A 2 



-m\A 2 + A^. 



The Minkowski metric is chosen as (1,-1,— 1,-1), and 
J M is a conserved current d^J 11 = 0. The Lorentz- 
invariant Proca theory of massive electrodynamic is re- 
covered by imposing too — m i- Since this Lagrangian 
is still invariant under spatial rotations, the following 
paramctrization of the spatial vectors Ai and Ji will sim- 
plify the equations of motion 



A,=A 



d t A L 



J t = jf + diJ 1 



where Af and Jf are transverse. It is important to no- 
tice that the transverse and longitudinal currents Jf and 
di J L extend over all space, even if Ji is localized [26]. In- 
deed, for all localized currents Ji, the transverse current 
Jj possesses an unlocalizcd contribution which is the op- 
posite of the unlocalized contribution of di J L [29]. 
With these notations, the equations of motion are 



3 2 {A -A L )-m 2 A -J Q 



d (Aq - i L ) - m\A L - J L 
(n + m 2 )Aj + Jl 



0, 
0, 
0, 



B 2 - 



where over-dot denotes the time derivative, and □ 
d 2 . The potential Ao — A L is invariant under the gauge 
transformations, and for mo = m± = 0, these equations 
are precisely those of classical electrodynamics. 

The first two equations imply the generalized Proca 
constraint itiqAq = m\d 2 A L . Let us concentrate on the 
model defined by mi > and mi ^ mo- Then, too has 
to be zero to guarantee the absence of ghosts and rapid 
instabilities. Since we are interested in solutions which 
do not grow at infinity, the Proca constraint implies that 
A L = and the field equations are equivalent to 



Ao 



Jo 



□ 



Af = -J 



If Jo 7^ 0, it is obvious from these equations that Ao is an 
instantaneous potential, since Jo and A have the same 
time dependence. In fact, Af is also an instantaneous 
potential. Indeed, the transverse current Jf extends over 
all space and implies a non- vanishing Af in all space. 
As a consequence, for all localized currents Ji, Af is an 
instantaneous potential [30]. 

Using the current conservation, the equation for Aq 
can be written DAq = J L — Jo- Hence, the solutions to 
the field equations are 



A = I d 4 x'G+ (t, x, f, x 1 ) \ j L (f, x') - Jo (f, x') 
AT = - I dVG+ (t,x,t',x') jT(t',x'), 
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where G + (t, x, t', x') and G+ (t, x, t',x') are the retarded 
Green functions of the d'Alcmbert and Klein-Gordon 
equations 

□G+ (t,x,t',x') = S 4 (x-x'), 
(n + m 2 )G+(t,x,t',x') = 5 A {x~x'), 

respectively. 

In classical electrodynamics, the instantaneous contri- 
butions to the potentials Aq and Aj cancel each other 
in observables such as the electric and magnetic fields 
[16]. There is then no instantaneous interaction. This 
is no more true in the Lorentz-violating model, because 
the mass mi modifies the dispersion relation of the trans- 
verse modes Af without affecting the dispersion relation 
of A n . Therefore, the instantaneous contributions of the 
potentials do not cancel each other anymore, giving rise 
to a physical instantaneous interaction. This can be il- 
lustrated by looking at the electric field Ei = F oi , which 
reads 

- /dVAG+(t,MW) (2) 

where AG+ (t, x, t', x') = G+ (t, x, t', x') - G+ {t, x, t', x') 
is proportional to mi. The first integral in (2) is the 
retarded electric field of classical electrodynamics. This 
term vanishes outside of the light-cone of the source, since 
it involves only localized current J M , whose effects are re- 
tarded because of the retarded Green function G + . The 
second integral is a contribution specific to the massive 
case, which does not vanish outside of the light-cone of 
the source since it involves the unlocalized transverse cur- 
rent Jf . Therefore, this second integral extends over all 
space and represents an instantaneous contribution to the 
electric field. 

It is worth noting that the presence of this physical in- 
stantaneous interaction is related to the breaking of the 
Lorentz invariance. Without this symmetry breaking, 
the modifications to the dispersion relation of A and 
Af would be proportional and the instantaneous contri- 
butions of these potentials would cancel each other in the 
expression (2). The discussion of physical consequences 
of instantaneous interactions in massive electrodynamics 
can be found in [17]. 

III. LORENTZ-VIOLATING MASSIVE 
GRAVITY 

The emergence of a physical instantaneous interaction 
in the massive gravity model described by (1) is also a 
consequence of the non-cancellation of two unlocalized 
contributions, whereas those contributions cancel in GR. 
Therefore, the same approach as the one used in the pre- 
vious section will be useful to understand how a physical 
instantaneous interaction appears in this model. 



Gravity is described by a full non-linear theory. There- 
fore, small perturbations about the flat vacuum solu- 
tion will be consider. For an empty space, the energy- 
momentum of the usual matter is zero, 7^„ = 0, and the 
following vacuum configuration is solution to the Einstein 
equations of motion 

g»» = r)»v , 4>° = aA 2 t , f = 6AV . (3) 

Here a and b are two constant whose value is set by the re- 
quirement that the energy-momentum tensor of the four 
Goldstone fields vanishes in Minkowski space-time. As 
mentioned in the introduction, this Goldstone vacuum 
solution is not Lorentz- invariant. Therefore, there is a 
spontaneous breaking of the Lorentz symmetry in this 
massive gravity model. 

A small perturbation ST^ of the matter energy- 
momentum tensor will produce metric Sg^v and Gold- 
stone Scj)^ perturbations about the vacuum solution (3), 
just as a non-vanishing current J M is responsible for the 
electromagnetic potentials A^. It is convenient to pa- 
rameterize the energy-momentum tensor of the source in 
the following way, 

ST^ = {Sp + Sp) v^v v - rj^Sp + {v^Sqv + v^Sq^) + Sir^, 

where Sp and Sp are the matter density and pressure 
measured by a comoving observer of velocity v^, Sq^ is 
the energy flux perpendicular to (v^Sq^ = 0) and 
St:^ is the anisotropic pressure tensor (v^Stt^ = Stt^ = 
0). The velocity i> M of the observer obeys the geodesic 
equation v v d v v^ = 0, with v^v^ = 1. This implies that 
the affine parameter of the observer can be chosen such 
that = (1,0,0,0). As a consequence, Sqo = 8i: ai/ = 
and 

ST 00 = Sp, ST Ql = %, 8%j = S^Sp + Smj. 

The energy flux Sqi and the anisotropic pressure Sir^ can 
be parameterized in the following way, 

S'l, = Ci + diC, 

8-Kij = ('■'«),(), - 8,, i)f) 7T + + (), - + TTij, 

where the vector perturbations Q and 7r, are transverse, 
while the tensor perturbation TTij is transverse and trace- 
less. As in electrodynamics, it is important to notice that 
the transverse and longitudinal parts of ST^ V extend over 
the whole space, even if ST^ is localized. In particular, 
TTij has a non- vanishing value everywhere in space for all 
localized energy-momentum tensors <57^„. 

With these notations, the energy-momentum conser- 
vation reads 

S'p = df(, C = Sp + 2df7r, C i) 2 -,. 

Hence, the ten independent components of the energy- 
momentum tensor are expressed trough four gauge- 
invariant scalars Sp, Sp, ( and ir, four vector degrees of 
freedom in the form of two transverse gauge-invariant 
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vectors Q and 7Tj, and two tensor degrees of freedom 
trough the transverse and traceless gauge-invariant ten- 
sor TTij. 

As mention earlier, the presence of the source <57^„ im- 
plies a modification of the solution (3) for the metric and 
Goldstonc fields, i.e., the metric and Goldstone pertur- 
bations. We parameterize the metric perturbations as 
following 

Sg 00 = 2<p, Sg 0i = Si + diB, 
5 9lJ = 2»1'«\ ; - 2didjE - diFj - djFi + //, , . 

A similar paramctrization can be used for the perturba- 
tions of the Goldstone fields, 



aA 2 e c 



6A 2 (& + ftf) 



The vector perturbations Si, Fi and £j are transverse, 
while the tensor perturbation hij is transverse and trace- 
less. Finally, it will be useful to introduce gauge-invariant 
fields. One vector and two scalar perturbations are gauge 
degrees of freedom. As a consequence, there is only two 
gauge-invariant vector fields 

t&i — S t + Fi, Oi = & - F,i 

and four scalar gauge-invariant fields 



$ = (f - I E + B \ 
E° = £°-E-B 



S = € - E, 



anisotropic pressure, tt = 0, GR predicts $ = vp. This 
relation is not satisfied in this massive gravity model be- 
cause of the appearance of the function ^/ , which value 
is fixed by initial conditions [20]. Hence, if "3/o 7^ the 
gravitational potential \l/ created by a massive source is 
not the potential <j> responsible for the geodesic motion of 
an observer around this source. Therefore, if we neglect 
this arbitrary function there is no difference in the scalar 
sector between GR and the model given by (1). 

With the account of the energy-momentum conserva- 
tion, these two instantaneous potentials can be expressed 
trough 



2C ~ 3if 



5p + 35p 



2 



Then, using the Green function of the d'Alcmbcrt equa- 
tion, 



$ B = 



dV 

2M} 



G + (t, x, t', x') C (*', x') - Sp (t', x') 



mT G+ (t,x,t',x') [2( (t',x') 



(4) 



and ^P. The tensor perturbation is also gauge invari- 
ant. 

With the account of all these notations, the linearized 
Einstein equations split into scalar, vector and tensor 
equations. These tree sectors could then be consider sep- 
arately 



A. The scalar perturbations 

The behavior of the four scalar gauge-invariant per- 
turbations is governed by four Einstein equations (see 
Rcf. [25] for details). The solutions of these equations, 
which does not grow at spatial infinity, reads 

* = ^ E + *o (a?*) , # = * B + f 1 - #o , 



B. The vector perturbations 



It follows from the vector equations that zui is an in- 
stantaneous potential, equal to its value in GR, voi = vof 
with 



Mid] 



Therefore, there is no difference in the vector sector be- 
tween GR and the model of massive gravity given by (1). 
Using the energy-momentum conservation, the equation 



for Wi can be written as Ozut 
gives the following solution 



2M 



pl 



Ci); which 



dV 

Ml, 



G ± (t,x,t',x') [hi {t',x') - Q {t',x')] . (5) 



where "Jo (x i ) is an arbitrary function of the space coor- 
dinates, and *S? E and &e are the scalar potentials of GR 
(<f>£ is nothing else than the Newtonian potential) 



6p 



2M^df 



I 



5p_ 

28? 



3tt 



It is obvious from these two equations that ^e and &e 
are two instantaneous potentials, such as the Coulomb 
potential Aq — A L of electrodynamics. In the absence of 



C. The tensor perturbations 

The equation for the massive gravitational waves is 

2tth 



= (□■ 



TOo) hi 



(6) 



where oc A 2 /M p i is the mass of the graviton (see 
Rcf. [25] for a precise expression of TO2 in terms of T (Z 1 - 7 ) 
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and its derivatives) . The tensor potential hij is instanta- 
neous for the same reason as the potential Aj of electro- 
dynamics. Indeed, for all physical situations 57lj is lo- 
calized in space. But its transverse and traceless part Try- 
extend over the whole space, implying a non- vanishing 
tensor potential hij, everywhere in space. 

Using the Green function of the Klein-Gordon equa- 
tion, the tensor potential is 



dV 

lvl pi 



G+ (t, x, t', x') m (*', x') . 



(7) 



In this equation, we neglect the tensor modes which are 
solutions to the homogeneous equation (□ + m^) hij = 
0, since these modes are present in the vacuum and do 
not play any role in the interaction between gravitational 
sources. 

At this point, let us stress that the only difference in 
the linearized theory between GR and the model (1) lays 
in the tensor sector. The modification of the dispersion 
relation of hij induced by mi is identical to the modifi- 
cations of the dispersion relation of the vector field Aj of 
electrodynamics induced by m\ . Since there is no modifi- 
cations of dispersion relations in the other sectors of the 
theory, due to the breaking of the Lorentz invariance, 
the instantaneous contributions of the potentials will not 
cancel themselves in the graviton propagator. Therefore, 
it is necessary to search for observable involving hij in 
order to see a physical instantaneous interaction. 



In the vacuum T^ u = and the solution (3) holds. 
Then, the afhne parameter r h of the observer can be 
chosen such that = (1,0,0,0), while the affinc pa- 
rameters T p h of the light's geodesic can be chosen such 



that = (1, 



with 



1. Therefore, the frequency 



measured by the observer is ui = ujo- 

If there is a small extra source for gravity, 7^„ = dT^ , 
the solution (3) is slightly modified. Because of the 
geodesic equations, the perturbations of the metric im- 
ply perturbations 5v^ of the four-velocity of the observer 
and perturbations 8u^ of the vector tangent to the light's 
geodesic. Therefore, Sv^ and Su^ are given in terms of 
the metric perturbations and there is a shift of the fre- 
quency measured Suj — u^v^u 11 + v^ 1 Su tl ). At the lin- 
earized level, equation (8) gives 



— = I dr ph 



* - n l d t <^ + n l n J ( ^-hij - d t w 3 



dr b n l d l <&. 



(9) 



In the Fricdmann-Robertson- Walker background, this re- 
lation is known as the Sachs- Wolfe effect. From (9) it is 
obvious that any difference in the tensor sector of the 
theory compared to GR will lead to a modification of the 
spectral shift measured. 



IV. FREQUENCY SHIFT 

To illustrate the physical instantaneous interaction 
present in our model of massive gravity, consider the mea- 
sured energy of a light beam. Let v M be the four-velocity 
of an observer, with v^v^ = 1, and v} 1 the vector tangent 
to the light's geodesic, with u^u^ = 0. The light's mo- 
mentum is defined by p M = ujqu^, where ujq is a constant, 
and the frequency measured by the observer is given by 

u = u^p". (8) 



A. Frequency shift in GR 

In GR, the scalar and vector potentials arc given by 
relations (4) and (5). The tensor potential hfj is a so- 
lution to equation (6), with m\ = 0. Therefore, this 
potential is given by (7) where the Green function G+ 
is replaced by the Green function G + , since G+ — > G + 
when f7i2 — * 0. With the account of these tree relations, 
equation (9) gives the frequency shift measured by the 
observer in GR 



Suj e (t, x) 



dV 



Ml 



G+ {t,x,t',x') 



ST kk (t',x')-ST 00 (t',x') 



//'//•'.% (^') 



1M! 



f dVG+ (t, x, t', x') n 1 ^- [SToo (f, x') + ST kk (t> , x')\ 



2 

dx h 

^ J dVG+ (t, x, t>, x 1 ) [n k (ST jk (f, x 1 ) + S 3k ST Q0 (f, x')) + 26T 0j (*', x')] 



The instantaneous contributions to the potentials cancel volves only localized sources, i.e., the components of the 
each others in this relation. Indeed, this expression in- localized energy- momentum tensor 5T^ V . The effects of 
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these sources are retarded because of the retarded Green 
function G + . As a consequence, in GR the frequency 
shift cancels outside of the light cone of the localized 
source, and there are no instantaneous interactions. 



B. Frequency shift in massive gravity 

The situations is different in the massive gravity model 
described by the action (1), where m| ^ 0. Indeed, the 
scalar and vector potentials are still given by relations (4) 
and (5). But the tensor potential is given by (7), with 
m| ^ 0. Therefore, the spectral shift measured by an 
observer of velocity is expressed trough 



5u> 



Slu 1 



dr, 



ph ' 



n l _rv>_- A 

2 «' 



(10) 



where = hij - hfj 



has been neglected in this 
expression since this unknown function does not play any 
role in the interaction between time-dependent sources. 
Hence, there is only one extra term in relation (10) as 
compared to GR. This term extends over the whole space 
and is responsible for an instantaneous shift of frequency. 
Therefore, the shift is observable outside of the light cone 
of the source. At this point, let us stress that this extra 
term has the same shape as the extra electric field (2) 
obtained in the Lorentz-violating electrodynamic model 
discussed before, since these two extra terms involve the 
same function AG + with sources which extend over the 
whole space 



hk (t, x) 



M- 



-AG+ {t,x,t',x')ir i3 (t',x'). (11) 



To demonstrate that this term is responsible for an 
instantaneous shift of frequency, consider the derivative 
of the spectral shift with respect to the affine parameters 
T p h of the light geodesic 



dr p h 



Suj 5lo 
ui 



(12) 



This quantity will now be determined for a concrete 
ample of gravitational source. 



ex- 



t = 0. Let the observer be located at x % = and the 
light's geodesic be along the x direction, with n % = —S\. 
Since the distance between the observer and the source 
is d, and since the speed of light is one in our units c = 1 , 
in GR the observer will not measure any spectral shift 
before t = d. 

In the model (1), there is an instantaneous interaction 
and (12) is not zero for t < d. To determine the frequency 
shift, the integral (11) has to be evaluated for the source 
(13). If the source is chosen such that /iy = 82182], the 
only relevant component of the transverse and traceless 
tensor 71^ is given by 



26 (t) 



dfd] 




Hence, using relations (10) and (11), the derivative of the 
spectral shift with respect to the affine parameters of the 
light geodesic is expressed trough 



(*'*) = -T7T 



Since AG + involves the Bessel function J\ (iri2%) divided 
by its argument and since rri2X <C 1, the following Taylor 
expansion can be used to find an approximation of this 
last expression 



Ji {m 2 x) 
TTL2X 



16 



With the account of all these relations, the measured 
variation of the frequency, caused by the source located 
at distance d of the observer, is simply given for t < d 
(outside of the light cone of the source) by 



(t,0) 



647TM2 



t + O (ml) , < t < d. 



This last expression clearly shows a measurable instanta- 
neous interaction, proportional to the mass of the gravi- 
ton to the fourth power. 



C. Instantaneous interaction : an example 

As an explicit example of physical instantaneous inter- 
action, suppose we have a source which appears at t = 0, 
described by the following energy-momentum tensor 

SToo = 2 f i, lJ i 2 e(t)d l d J S 3 (x~x s ), 

5T Ql = An 1J tQ(t)d :j S 3 (x-x s ), 

6T tJ = 4^Q(t)S 3 {x-x s ) 7 (13) 

where x s = (0, 0, d). The presence of the Hcaviside func- 
tion in these expressions guarantees that ST^ = before 



V. DISCUSSION 

Physical instantaneous interactions are present in the 
massive gravity model (1). The existence of such inter- 
actions is related to the spontaneously breaking of the 
Lorentz-symmetry induced by space-time dependent vac- 
uum expectation values of the four Goldstone fields 4>^ . 
This symmetry breaking allows for modifications of the 
dispersion relation of the tensor modes as compared to 
GR without affecting the dispersion relations of other 
fields. As a consequence, the instantaneous contributions 
to the potentials do not cancel in the graviton propaga- 
tor, unlike in GR. This is analogous to the situation in 
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the Lorcntz-violating electrodynamics, where the instan- 
taneous contributions to the potentials do not cancel in 
the photon propagator. 

It has been demonstrated here that a gravitational 
source localized in space is responsible for an instanta- 
neous frequency shift of light beams seen by an observer. 
It is worth noting that, at the linearized level, the ampli- 
tude of this instantaneous spectral shift is proportional 
to the graviton mass to the fourth power, and therefore 
is the instantaneous interaction very small as compared 
to the usual retarded interaction between gravitational 
sources. Regardless of the strength, there is no causal 
paradox associated with superluminal propagation in this 
model since the breaking of the Lorentz symmetry implies 
a preferred frame. 

The action (1) is a low-energy effective action. 
One should then expect corrections containing higher- 
derivative terms to be present in the massive gravity 
model. These corrections could not provide modification 
of the dispersion relations of the scalar and vector fields 
proportional to m|. Therefore, the instantaneous con- 
tributions coming from the mass of the graviton cannot 
be cancel by higher-derivative terms, and the inclusion 
of such terms will not affect the conclusion of this work. 

Since the appearance of the physical instantaneous 
interaction is related to the breaking of the Lorentz- 



symmetry, it will not be surprising if the presence of this 
interaction is a generic feature of model of gravity where 
Lorentz-invariance is broken (like in other massive grav- 
ity [23] or bigravity [27, 28] theories). 

Finally, the presence of this physical instantaneous in- 
teraction is supposed to be responsible for the violation of 
the black hole "no-hair" theorem present in this model. 
Indeed, it seems reasonable to assume that a instanta- 
neous interaction could carry informations through the 
black hole horizon, while interactions which propagate 
at finite velocities v < c cannot. It is worth noting that 
this instantaneous interaction should also allow to look 
behind the cosmological horizon, since the cosmological 
horizon is somehow similar to the black hole horizon. It 
would be interesting to study this last issue in more de- 
tail. 
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